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nteraction takes place nowadays between mathematlics
ans emarkable offshoot that forms the pOpic of this
Viz. highspeed computing. Of course, a good deal of inter-

cady exlsts between mathematics and ordinary computing but
computin? asks for new mathematical methods and also makes
possible to use already existing methods that were declared obso-
lete because they are Impractical for ordinary calculations. High
peed computing acts therefore on one side as a stinulus to mathema-
tics whereas on th@ other Sidu the computer Way profit from thellarge

Dac . viﬁhﬂp@@d r-c:}rnp'&,z‘o:Lng on mathematics or vVice vers: but L shall
mu?tvict*myself To some speclal topics in this fileld mostly in connec-
timﬂ_mith work that has been done at the Mathematical Centre at Am-

Fir@t of all I should like to emphasise that mathematics. 1s more
nan analysis and algebra and that in prin:iple other fields of mathe-
wwtigﬂ might be of comparable use to computing. But, of course, the
computer who does other work than sheer arithmetic and elementary.
algebra 1s more likely to come into contact with analysis than with

élse And already in th . application of analysis to computing
P@stinr polnts arise. Perhaps the most important tool that

8. provides the computer with 1s the calculus of finite diffe-
rences. At first slght this looks less highbrow than the infinitesi-
mal calculus, dealing with infinitely small differences but in reality
1t lies nmuch deeper and forms actually a rather advanced topic in the
theory of complex functions. The fact that it is so difficult is the
reason that not very much is known in comparison to the situation in
A mry Ce Eculus Thls provides an interesting source of uncertainty

mm@ of the most prominent appllcations of the calculus of finite
. rences to computing 1is the theory of numerical interpolation,
int@mration, and so0 on. An interpolated or integrated value of a

,ctimgiis represented as a linear combination of tabular entries,

*ctly in which case we speak of Lagrangean type formulas or
LWo steps 1in that first certain simple linear combinations of the
@ntri 8 are formed, so called differences of various orders, after
which process the result ls formed as a linear combination of one or
< wntrieg and a number of differences of increasing orders. The

uw&fficiwnts oy which these differences have to be multiplied tend

CO Zero rather rapidly in general. As long as only a flnite:ncwwq~
Oof terms d both methods are equivalent apart perhaps from
rounding @ff errors. The computer can only use, of course, a f%ﬂf@ﬁ
rnumoe? I Terms, and the gquestlon arises: "How many tequ?”*ﬂﬁﬁiiwif
a - wwfpintev@stinw.qu@stion with,&.lat nf #apects Firﬂﬁ if;aﬁlﬁ it

arpltrary w@gufagy Qan ME @btain@d by t&kinﬂ'qﬁ 'Q,NWV:V'v'

rument of th@ @ntvieﬁ ia
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restrictions the error committed by stopping after n terms in all
these types of processes is equal to the product of three factors.
The flrst factor is a rather irrelevant with increasing n decreasing
function of the spot at which one interpolates and so on, The second
is the n-th power of the step and the third is the derivative of ‘
order n+a (a being some constant) of the manipulated functlion some-
where in the interval determined by the arguments used 1in the process.
From this observation one can prove the following general statements.
The greater the step the more necessary, dangerous and ineffic ient
is the use d higher differences. The smaller the step The more super-
fluous, harmless and efficient is the use of higher differences.

If smaller steps are used In integration, say, obvlously a large
number of them have to be taken in order to reach the aim. If high-
speed computers are used, there are no direct objections agalnst the
use of very small intervals. This is a very nice situatlion. All |
remainderterms decrease enormously in size. Elther one can 1increase
the accuracy considerably in this way or one can abstain from The use
of differences of high order. In the lact case one gets instead of ‘
higher accuracy something else of high value, viz. €ase of program-
ming. The tendency towards case of programming may here and 1ln similar
cases easily go so far that one only accepts the crudest methods that
are only possible. In order to keep the accuracy constant one has
then to decrease the step extremely. Not only does this decrease tThe
efficiency of the high-speed computer but it also may introduce errors
of another type, viz. those due to rounding off. Moreover 1n cases ‘
where 2all entries have to be stored as e.g. in the solution of elllip-
tie partial differential equations, Tthe required stTorage space may
easlly become prohibitive. - ‘

~ Both these remarks point our attention to another branch of mathe-
matics, viz. to statistics. The study of the phenomena due to rounding
off errors follows lines closely related to those followed in mathe-
matical statistics. It is of vital importance for modern computing

and here a direct stimulus to mathematics comes from computing. This
study 1s moreover rather interesting from a mathematical point of

view also. Here again apparently simple problems need already power-
full tools of analysis and more than that, one frultfully introduces
geometrical and numbertheoretical concepts. The first results of
general character reveal unexpected and peculiar phenomena.,

The second difficulty mentioned, viz. that of the storage of many
functionvalues in the solution of partial differential equations 1is,
at least in principle, overcome in a remarkable way by the introduc-
tion of the diffusion analogy analysed years ago by Courant, together
with the application of the Monte Carlo method. Here the close
cooperation with the statistician is evident and the theory of the
random walk is rapldly extending due to the stimulus of computing.

Another interesting point arises in connection with the Monte Carlo
method connecting computing with the theory of numbers, viz. the -
generation of random digits and random numbers. Of course, one can
make those by means of special electronic devices, the electronlc
coins, but it is much more interesting and also more practical with
respect of the reproducibility of the gambling process to generate
them by computing. The question arises then how to generate very long
sequences of numbers or digits, '"very long'" meaning with a very long
perliod of repetition of the same pattern. Moreover the numbers oOr R
digits must pass succesfully statistical tests for randomness. Several
schemes of construction have been devised, the first falling complete-
ly. A proper method has been indicated by Lehmer, who defines tThe
sequence by the congruence up = a uy_q(mod N), O < u,< N. Each number
- 1s completely determined by its predecessor, and as there only N num-
bers dilfferent modulo N, the sequence 1is periocdic and 1ts period 1is

less than N. If one chooses a arbitrarily with respect to N, the -
period may be only a small fraction of N but corresponding to a given
N there exists a maximum period and a can be chosen 1in several ways
so that one obtains that maximum period irrespective of the value Ug.
- Thils 1s a pure numbertheoretical problem. I suggested some tlime ago
the use of recurrent sequences of second or higher order. Indeed, 1i
- one defines the sequence e.g. by u, = Uy g1 VYo @ term is defined
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chance uﬂiu@raaly larger th&n a
The ; awmtE@m is moreover extremely
B3 De LNy "Wwppiiﬂﬂmcﬂi gequence
&ﬂmd reason to investigate the
studies have since been made
-mmtie&l Centre and I think 1t
ntact between mathematlces and computing. The
| *timmlu@ and some provisory theorems most
firat working basis. The pure mathematlclans
the correct proofs but they have done much
new ch&pter to puv@ mathematics at the same time
value to the computer. Moreaver, each new practical
application of number theory ls of im:;e rest as such, as there are
t1il11 people wmw think that numbertheory 1s impractical
At this moment it 1s perhaps worth while to ask whether hilgh speed
ng can be of any v&lu@ to pure mathematics, because number
heory 1s hwm one of thw st likely candidates to profilt. There
lies certainly a field open m re. For instance, the search Ior
hﬁwti@ulm? numbers can b& extended to a somewhat higher level what
an, as usually, help to sugrest conjectures that may be proved or
iisproved but usually remaln open. For instance, the search ror new
Mersenne prime numbers has been a welcome pray for the ffast computers
and the computations performed on the SWAC have yvielded interesting
regults. It would be of real theoretical interest, for example, tO
co a step further than could be handled bg the SWAC in 1ts present
state, and to Investigate the number -1+42 for if this proved to
be prime then a large amount of theoretlcal work should be Jjustified
y order to prove or to disprove the conjecture: 1 mo = 2 -1 1is &

DrLime MMMbEP, Then m} = EMﬁ“q is also prime The valldity of Tthis
conjecture wcoculd for instance 1mply a constructive proof of the
%xiﬂtwnme of & prim@ ~-generating function.
th g hand can of course be lent by tabulating functions.
ere are p@@ple that do not appreciate that tablemaking, and Lherefore
hall specify somewhat by taking a specific example. Qulte recently
. ped a rather general transformation that enables to compute

funatiamé from their heavily diverging asymptotic expansions. Thils
nod is in itselfl not directly meant for highspeed computers but 1T

reculiarity that for application one needs extensive tables

j peculiar functions (that have not to do with the special
function that one wishes to compute, of course). The computatiocn of
these tables i3 an enormous task, and here the hlghspeed computer can
render welcome help.,
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Qulte apart from any appllcations of the computers, only thelr con-
struction ylelds problems In many flelds of mathematics. IT 1s well
known theat the design of clircultry 1ls up to a high degree squivalent TO
preoolems In formal logic. Boolean al ecbra or Alken algebra form now-
adays tools of tne computerenzineer. In general also all questions with
respect to binary representation of digits or numbers suggest problems.
For instance, a problem connected with error detecting and correctlnm
codes 1s the following: How many confizuraticns of n binary diglits can
be constructed that differ from each other in at least d digits? The ﬁ
awlutimm l1s not known, It may be regarded as a problem in combinatorial
alge but 1t 1s also a geometrical problem in n dimensions: How many
solid hypuﬁﬂphﬂpﬁb of diameter d< can be attached with thelr centres
Lo the corners of a hypercube of unitsize? In this form it is closely
»Wi&twﬂ t* & WQ11Rmem Subjeaﬁ in modern geometry, viz. that of the

ih. - Many results
«Mﬂl@& mf switahinm ﬁunctimns are really clarifi@d by

‘rom a geometrical polnt of view. If one defines a polytope
amwm@w& of a n-dimensional hypercube of unitsize oriented
oordinate axes to

be at 1ts inslide 1f the corners have not
-w,.;»» in common and at i1ts outside if they have then a re-

Lon on th@ table of switching functions reveals the fact that for
cnere are regular lsotopes that it into the inside as well as
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In the outslde, whereas for n < 4 they do not exist.

A Third problem arises from a question of Alken. If the decimal
System is. to. be ‘used for a computer, and k parallel lines of binary
dlgits are put. available to represent decimal digits, -then k is -
obviously at least equal to 4. Is 1t possible to derive a coding
sdhemej"if,necessary,aﬁjthe'costidf a greater value of. k, such that
the sum digit and carry digit in the addition or multiplication of
~two decimal . .dlgits can be obtained, say, by simple permutations
Oor more general by circults of given simplicity. Duparc has analysed
this and similar problems Succesiully, but his proofs requlre.. concepts
of grouptheory. L ' o g ’ = |

van der Pol has dealt recently with problems related to the sum of
“Tthe digits 1n.any scale of the integral part of functions of x. The '
first results already are of a certain interest to computing and |
perhaps an linteresting field is opened here. In general one might say
that mathematics is quite well armed tO answer.succesfiully the peculia:
questlions arising in highspeed computing. Of course, there are certain-
ly fields in which a lot shall have to be done, e.3z. in the theory of
repetitive processes. | ' ; "
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